The second virial coefficient of a gas of nonspherical molecules Tables are given for 
Small deviations of a gas from the behaviour appropriate to a perfect gas are measured by the second virial coefficient. This function of temperature is expressible as an integral involving the forces between a pair of the molecules. Much attention has been paid to the case where the molecules have spherical symmetry. When the force between the molecules depends on their relative orientation it becomes more difficult to obtain an explicit formula for the virial coefficient in terms of the characteristics of the intermolecular forces. Only one such case has been solved; Stockmayer (1941) has discussed a molecule which has a dipole moment, while the short-range repulsive forces have spherical symmetry. This analysis has made it possible to derive intermolecular fields from experimental virial coefficients of polar, not too unsymmetrical, molecules.
In the present paper the author obtains the second virial coefficient for molecules which are effectively non-polar, and which have the general form of a cylinder instead of a sphere. I t is assumed th at the nuclear framework of the molecule is fairly rigid, and for this reason the range of length/diameter ratios considered is restricted. The extreme value is [2] [3] [4] [5] ; above this the molecule is usually flexible in shape, and the model used is no longer appropriate. Moreover, larger molecules have critical temperatures so high th a t temperatures suitable for a theoretical analysis are too high for the second virial coefficient to be measured. A considerable number of molecules fall within the class covered by these assumptions, and for these it is now possible to derive information about intermolecular forces from observed virial data. In the present paper the results for nine such molecules are included. These may be useful when theories of condensed phases are applied to substances whose molecules are not symmetrical.
[ 275 ]
The results of this paper apply to a molecular model which should be a fairly accurate representation of all non-polar, roughly cylindrical molecules. The methods used can be applied to other molecular models, and, in particular, to models which sacrifice generality of application for the sake of a greater resemblance to some special molecule.
The connexion between the second virial coefficient and the Joule-Thomson coefficient at low densities makes it possible to give tables of the latter function for cylindrical molecules.
D e r iv a t io n of t h e v ir ia l c o e f f ic ie n t ; o u t l in e o f t h e m e t h o d
I t is obvious th at molecules which resemble cylinders form a very wide class, for not only the nuclear framework but also the nature of the nuclei in different parts of the molecule vary from one case to another. The intermolecular field therefore has to satisfy conflicting requirements of generality and accuracy of representation, as well as the essential point th at it must give an integrable expression for the second virial coefficient. The latter requirement is not important in the case of spherical symmetry, since the integral has in th at case only one variable of integration; numerical integration is always possible, though it may be laborious. When the molecules have lower symmetry the second virial coefficient is given by an integral with at least four variables of integration, while the specification of the field itself requires a t least one more parameter than in the case of spherical symmetry. Numerical integration is therefore impossible.
Before proceeding to details, it will be explained in outline how the author has tried to find an intermolecular potential which satisfies the three conditions of accuracy, generality and integrability. As a first step it was assumed th at a t any fixed relative orientation the intermolecular potential depended on the distance between the centres of the molecules in a way which has been found to give a good representation of the behaviour of molecules with spherical symmetry. The second virial coefficient was thus reduced to a triple integral. This potential has two para meters, r0 and 0O , which are respectively the position and depth of the minimum potential. For cylindrical molecules 0 O and r0 are functions of the relative orientation. In the next step it was necessary to find the dependence of and rjj on the three angles which specify the orientation, and on the length/breadth ratio of the mole cule. The first model investigated was a pair of centres of force separated by a certain distance; the potential assumed for the interaction of such centres of force was the usual potential for saturated spherical groups. For various orientations of two such molecules the mutual potential was evaluated numerically and the values of <p0 and r0 found by interpolation. This process was repeated with molecules represented by three or four centres of force distributed along the central axis. The three-centre model gave results differing considerably from the two-centre type, because the latter has a ' waist ' which cannot be expected as a feature of a real mole cule. The four-centre type showed little difference in behaviour from the three-centre type. I t was concluded th at the four-centre model gave an adequate representation of how the normal intermolecular potential is altered by a change from spherical to cylindrical form. This four-centre model was then investigated for various 'mole cular lengths '. Formulae were found which fitted the variation of <j>\ and with the three orientation variables and the length/diameter ratio of the model. Finally, these formulae were substituted in the integral for the second virial coefficient, and this was integrated by expansion in series.
I t is thought th a t the potential energy so derived is likely to be a good approxi mation for most molecules of cylindrical type, while, of course, it may be considerably in error for special cases. The molecule is assumed to be of roughly the same nature a t both ends, and there are certainly many molecules which do not satisfy this condition. Another limitation is the assumption th at there are no polar forces between the molecules, which is more stringent than the assumption of a negligible resultant dipole moment. Special cases could be treated by the same methods as used here, and if all the available data were used at a sufficiently early stage in the calculations these would not be impracticable. I t would be necessary, however, to treat each molecule as a separate case. I t is believed th at the present results are as general as it is possible to obtain from a reasonable amount of computation.
The second virial coefficient of a gas of molecules 277
F o r m u l a e fo r t h e se c o n d v ir ia l c o e f f ic ie n t
At low densities the equation of state of a gas is
where p and T are the pressure and temperature of the gas of n molecules in a volume F. The second virial coefficient Bi s a functi defined by (1). B has the dimensions of a volume and is proportional to n. The usual choices of n are n = N , Avogadro's number, in which case B is g of c.c./g.mol., or n = L , Loschmidt's number, with B in c.c. (per c.c. of perfec at s .t .p .).
Consider two similar molecules, each with an axis of symmetry, whose centres are a distance r apart. Their relative orientation can be specified by the angles 6X and d2 which their axes make with the line of centres, and the angle oj between the planes which pass through the line of centres and contain the two axes. Let E(r, 6X , d2, o)) be the potential energy of this configuration, relative to a zero of energy when the molecules are infinitely far apart. By classical statistical mechanics it can be shown th at n p c o f n f n ( * 2 tt
Quantum corrections will be discussed in § 7. Lennard-Jones (1924) Several attem pts have been made to calculate interaction energies of large mole cules by using point-centres of force of various kinds: overlap repulsions, Van der Waals attractions, and dipole forces (cf. Eyring 1932; de Boer 1936; de Boer & Heller 1937; Muller 1937; Sponer & Bruch-W illstatter 1937) . The use of pointcentres of spherical symmetry to represent the Van der Waals forces has been criticized by London (1942) . These models cannot give a quantitative result for the variation of and r0 with orientation, but they should show the main features.
W ith this in mind, molecular models with two, three and four centres of force distributed along the axis were used. The distance between the end groups was 21; the potential energy of two such groups a t distance r was assumed to be
<7>
The interaction of two such molecules was obtained by summation of the potentials of the 4, 9 or 16 interactions concerned. Interpolation gave (j)\ and as functions of orientation.
For the model with two centres, 102 orientations with = J and 97 with I/Rq = \ were solved, giving a general view of the variation of (f)\ and rjj with all the variables. W ith l/R0 = 31 orientations were used with the three-centre model. Comparison showed th at the results of the two-centre model were seriously affected by the 'waist ' which is present in this case and not in the three-centre model. Going on to the four-centre model, it was found th a t this gave results of very much the same form as the three-centre model, with only small differences in the numerical details. I t was assumed, therefore, th a t the four-centre model would show the effect of the spreading out of the electron density along a longitudinal axis, while remaining easy to handle and not introducing into the results any marked trend peculiar to this model. Calculations were made for 60 orientations with l/R0 = | and 23 with l/R0 = J and f , and empirical formulae were fitted to the results, of which a typical set are shown in figures 1 and 2. This fitting was assisted by the identities which arise from the model having a centre of symmetry; the number of simple terms which can be used in the empirical formulae is not large. The formulae finally adopted were
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where <I> is the value of < f> 0 for dx = (r0IR0)* = 1 -? + 7 i -(cos2 dx + cos* 02) + 21 j -1 s i n cos sin ^2 cos ^2 cosw + 16^^-j (cos2 0X + cos2 02)
These fit the four-centre results with root-mean-square deviations equal to 9 and 26 % of the average values. They cannot be used for l/R0 greater than J. Most of the big deviations occur for l/R0 = f, which corresponds to a 'length/diameter' ratio of 1 + 2ljR0 = 2-5. These formulae reproduce the major features of the variation with l/R0 and orientation, but by no means all the trends visible in the results calculated for the four-centre model. There is a considerable degree of arbitrariness in choosing formulae to fit the results, and it is likely th at there exist alternatives which are at the same time simpler and more accurate. The formulae (8) and (9) do, however, possess a sufficient measure of both properties. I t is possible to test the effective accuracy of (8) and (9) in the use which will be made of them. In § 5 it will be necessary to evaluate J J J V w f W , sin 02 with n equal to zero or a positive integer. The formula (8) for is a much better fit than the equation (9) for r%\ it is therefore sufficient to consider the case = 0. The integral was evaluated from (9), and then l/R0 was set equal to on the other hand, it was possible to evaluate the integral from a formula which had been found for r%, applying only to the case l/R0 = and much more accurate than (9). These alternative calculations of the integral differed by 3-5 %, which is a satisfactory result for the overall accuracy of (9). I t may be taken th a t the agreement between (8) and (9) and the results of the four-centre model is of the same order as the agree ment between the latter and actual molecules.
Up to now i£ has been assumed th a t the superposition of individual interactions such as (7) leads to a total potential energy of the form (3). This was verified in the numerical calculations by comparing the repulsive and attractive parts of the poten tial a t the position of minimum potential energy. The index of the repulsive potential indicated by this test always lay between 12 and 13*5.
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5.
R e s u l t s fo r t h e s e c o n d v ir ia l c o e f f ic ie n t
Substitute (8) and (9) in (6). Writing
where A and /i are defined by (8) and (9) respectively, then w 7?3 r B = T2j2) W^) 1} A dCl.
( 1 1 )
Let bars denote averages with respect to A so that, for example,
Then j A J^ = j^F n {2fi(<l>lkT)i} + ^-J i ) 2^l k T ) i^+ ... jAdO
where
The integral jAdQ and the quantities y, y etc., a have been found by using (8) and (9). Only the first two terms of (13) need be kept; the error is greatest at low temperatures, and reaches 0*015 at = 1, which is approximately the lower limit of temperature in our tables. At this temperature FX2 is about -2*5, so the terms omitted are of no importance. The temperature T = (y)2^/k is about three-quarters of the critical temperature, and the tables in the present paper go down to this region.
From (11) and (13) Tables 1 and 2 give JL and /? respectively, for values of up to 0-75. Comparison with experimental virial data yields e, and JL is needed only to obtain O. The three decimal places in table 1 are sufficient for this purpose, /? is used more directly in the comparison, and has to be derived from l/R0. The definition of l is half the length of the 'rigid nuclear structure', measured along the axis, and one cannot expect l/R0 to be known to much better than 0*01. This is equivalent to an uncertainty in /? reaching as much as 5 x 10 4 for certain values of l/R0. The four decimal places in the table of f iare therefore sufficient for present use. The tables in this paper are a to be interpolated in the same way. Two differences, M" and A'", may be printed. M" is the sum of adjacent second differences, modified by a 'throw-back' to take account of the effect of fourth differences; A"' is the third difference. These are the differences needed for Bessel's formula
where B"(n) and B"'(n) are the Bessel coefficients of the second and third differences, and M" and A'" refer to the interval (a, a + h). The error in using (20) with the tables in this paper is in all cases less than half a unit in the last place. M" and A"' are omitted where possible. The functions Fl2 and y .d2F. are tabulated in tables 3 and 4, with F12 to three decimal places. The uncertainty in F due to the use of these tables is effectively th a t in F12, namely, half a unit in the third decimal place. This accuracy is sufficient to enable a curve of F(y) to be drawn on a large scale, and is smaller than the un certainty which may be introduced by doubts about the exact value of l/R0. I t is easy to derive O and R0 from experimental data if these go up to sufficiently high temperatures. One process is a simple adaptation of the method first used by Lennard-Jones (1924) , in which the observed values of log10B are plotted against -|l°gio T on tracing paper. The value of l is known, and R0 can be guessed. From l/R0 and tables 2, 3 and 4 a curve of log10F against log is drawn on another sheet. By adjusting the two curves, experimental and theoretical, for best fit, the value of n f 2 nRl<x/3i s deduced from (15). The units of B determine the value of n Thus a better value of R0 is obtained, and the cycle is repeated until self-consistent. At this stage the value of e = (Ji)2 $ is derived from the superposition of and observed virial coefficients, and finally < I> is obtained by using table 1. A more accurate but more laborious process can be based on the method given by Buckingham (1938) for spherical molecules. I t will be noticed th at the tables in the present paper extend to log10 y = 0-3, th a t is, down to temperatures of about three-quarters of the critical temperature. Experi mental data often go to lower temperatures, especially for the molecules to which this paper could be applied. I t might seem th at by extending the tables to lower temperatures one should be able to use more of the experimental data and thereby obtain more accurate results from the theoretical analysis. This is not the case. For at such temperatures the curve of log F against log y is almost a straight line, and from this part of the range it is impossible to obtain a unique pair ( e). Once e has been picked, the comparison of theoretical and experimental curves fixes accur ately; it is, however, possible to get equally good agreement with any value of e within a wide range. In general, nothing significant can be deduced from observathe theoretical tables beyond the point reached here.
For the same reason, the higher the temperature a t which virial coefficients have been measured, the more valuable they are for theoretical analysis. Moreover, this fixes an upper limit to the size of molecules for which an analysis of the virial data is worth while; the upper limit of temperature a t which such experiments can be carried out is the same for all gases (if complications such as decomposition are neglected), while the equivalent 'reduced tem perature' decreases with the mole cular weight; for sufficiently large molecules the whole of the accessible range of temperature lies in the zone which is useless for comparison with theory.
In certain cases it may be possible to use virial data which refer to temperatures no higher than the critical temperature. This could be done by estimation of e or R0 from some other property; the most generally useful are critical data. An example of this type is discussed in § 10 of the present paper.
e has been chosen to make as much as possible of the second virial coefficient come from the normal formula for spherical molecules. I t is fortunate th a t the first non zero term in the series expansion, whose magnitude is given by /?, turns out to be small, much smaller, indeed, than might have been expected. Starting with a spherical molecule and gradually increasing the axial length the <fi0 and j of the spherical type are altered to e and o cRq, and a t the same time the shape of the theoretical function F(y) is altered through the introduction of the term As l/R0increases, e and <xR% differ significantly from <p0 and rjj long before the /? term has any appreciable effect on the function F(y). In other words, the virial coefficient is very closely th at of a spherical molecule with the intermolecular potential (3) and <pQ taken to be e and r% replaced by ccR\.
J o u l e -Thom so n c o e f f ic ie n t s
Let (7® be the specific heat per gram-molecule, and /i0 the Joule-Thomson coeffi cient, both extrapolated to zero density. I t has been shown by Whitelaw (1934) th a t and Hirschfelder, Ewell & Roebuck (1938) have used this equation to derive theo retical Joule-Thomson coefficients for molecules with spherical symmetry. For the present model it is found that, analogously to (15), tions which go no higher than the critical temperature, and there is no need to extend (21) ( 
22)
with (23) The function G12 occurs in the theory of the Joule-Thomson coefficient for m d2G with the intermolecular potential (3).
G12 and which are to be interpolated in the way explained earlier.
The derivation of O and R0 from experimental data proceeds exactly as for the second virial coefficient. The specific heats can be obtained from spectroscopic data. When both second virial and Joule-Thomson results are available it is possible to carry out the comparison with both sets of experimental data a t the same time; the curves of log10 B and log10 Cpju0 against -\ log10 T are plotted on the same sheet, with a suitable displacement of the ordinate scales to bring the two curves into the same region. 9  13  18  26  39  60  94  34  43  56  74  98  132  180  249  349  114  136  164  198  241  294 7. Qu a n t u m c o rrectio ns The classical formula (2) is subject to three quantum corrections, of which only one need be taken into account, except for such light molecules as helium or hydrogen a t very low temperatures. This correction arises from the fact that the probability of a configuration of potential energy E is not simply as in classical statistical mechanics (Slater 1931) .
Molecules of the class treated in this paper have only a small correction to the second virial coefficient; hydrogen is an exception, and is excluded from further consideration. The correction being small, it is sufficient to use a formula which is accurate for some molecules with spherical symmetry, and approximately true for all non-polar molecules. The quantum correction can then be calculated very easily from a knowledge of the critical temperature T° K, the critical volume Vc c.c./g.mol., and the molecular weight M.
For the in term o d u lar potential (3), suitable for spherical molecules, it is known th a t Vc1*32 x 1024r;), and k Tl -290o.
The numerical constants are mean values for the rare gases. The quantum correction has been tabulated recently by Buckingham & Corner for some potentials with the short-range repulsion represented by exponential terms. The correction is much the same in all cases. Taking a typical set, and using the results (24) and (25), which are not sensitive to the exact shape of the potential energy, it is found th a t
Bi = M f[fc [ 45 p + 495( § ) ] c-
is a good approximation to the quantum correction.* Subtracting this from the observed virial coefficient gives the classical coefficient to be compared with the theory of earlier sections. Similarly, the quantum correction to Cpju,0 is 1670F* / 2 (£>0)1 = -W t^\^) c'c' per g Note th at although (26) and (27) fail to satisfy the relation
this does, however, hold for the exact functions to which (26) and (27) are simple approximations.
A p p l ic a t io n s to so m e t y p ic a l m o l e c u l e s
The results given in table 7 have been obtained for molecules which come into the class covered by this paper; their interactions are effectively unaltered by being turned end for end, and their dipole moments are a t most of order 0-2 D. The list is not a long one, due mainly to the lack of virial data at temperatures well above the critical temperature.
The molecules of nitrogen and carbon monoxide would be expected to have very similar values of R0 and e. The surprising difference of 7 % in R0 arises from a systematic difference of order 4 c.c./g.mol. in their virial coefficients. I t would have been interesting to compare carbon dioxide and nitrous oxide; unfortunately, the second virial of the latter is known only a t temperatures below the critical tem perature.
Hydrogen is omitted because of the great importance of the quantum correction.
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Co n n e x io n w it h t h e c r itic a l c o n st a n t s a n d pa r a c h o r
For spherical molecules whose field may be represented by the potential (3), the two parameters < f)0 and r0 must determine the critical constants. Quantum effects introduce the mass of the molecule as well, but appear to be small except for the lightest molecules. Neglecting such corrections, it follows from dimensions th at kTJ(f)0 = constant and V c/rl 1024 = constant for all molecules with a field of this type. Lennard-Jones & Devonshire (1937) have derived JcTJ<f> 0 -1-33 from a ' cell ' theory of the dense gas. This is close to the values observed for the rare gases and simpler molecules, for which the mean value of kTJ<p0 is 1-29 (cf. equation (25) expect th at the critical constants of two such gases will also be closely related, th a t is, that kTJe and VJlOuaRl will be constants for all gases of not too great from spherical form. Table 8 shows th a t the constancy of these quantities is less marked than with spherical molecules. P art of the deviations may be attributed to the difficulty of picking unique values of e and R0 by comparison with experime confirmed by the observation th a t large values of are correlated with small values of jy i0 24a P 3. Nevertheless, there is a clear indication th a t these quantities differ from those for spherical molecules, the deviation taking the direction of an increase in kTJe and a decrease of VJ1024ocRl. In other words, the critical volu less than th at of the gas of ' equivalent ' spherical molecules; the possibility of packing long molecules together certainly makes this a plausible change. Packing also lowers the potential energy of the system, making the effective <fi0 greater than e. This is in accordance with the observed increase of kTJe as l/R0 increases. One can deduce th a t even a t the density of the critical state the macroscopic behaviour of the gas of * cylindrical ' molecules is not very different from th at of the gas of ' equivalent ' spherical molecules.
The parachor may be used to test whether this equivalence of cylindrical and spherical molecules holds at liquid densities. I t has been shown by Lennard-Jones & Corner (1940) th at the parachor [P] is proportional to for the rare gases and simple molecules. I t may be expected therefore th a t for cylindrical molecules [P] may be related to e^aPj))8. Table 9 shows th a t the ratio [P]/lQ23ei(ocRffi is indeed fairly constant and not greatly different from the mean value, 5-2, of [P]/1023^r £ for the rare gases. This suggests th at properties of the liquid state of these cylindrical molecules can be represented approximately by the behaviour of the ' equivalent ' spherical molecules, even though the connexion has only an empirical significance at liquid densities. The correlation with critical data and parachor can be used to check estimates of e and R0. As an example take the case of chlorine, where the second virial data (Eucken & Hoffmann 1929; Pier 1908; Jaquerod & Tourpaian 1913; Ross & Maass 1940) does not extend beyond 1*1 x the critical temperature. I t is therefore difficult to decide e and R0 from this data alone. Taking R0 = 4*5 and 5 A, the corresponding mean values of ejk can be found, with the following results:
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F o rces b e t w e e n h y d r o c a r b o n m o l e c u l e s
Second virial and Joule-Thomson coefficients are known for a number of hydro carbons. In most of these cases the temperatures are not sufficiently high to permit a unique fit to theoretical formulae; the effective accuracy of the observations can, however, be increased by considering related molecules as a single class.
The simplest hydrocarbon molecule, methane, can be treated as spherically sym metrical. Its force constants have been calculated from Beattie-Bridgeman con stants by Hirschfelder & Roseveare (1939) and Beattie & Stockmayer (1942) , and by the author from lattice-spacing a t 0°K (Corner 1939) and later from isotherms of Kvalnes & Gaddy (1931) , Joule-Thomson data by Budenholzor, Sage & Lacey (1939) , and various properties of liquid and gaseous states. All these values lie close together, and mean values are tf>Jk = 148°, r0 = 4-25 A, where t to be used in the potential E = < f> 0
Results for ethylene and ethane have been given in table 7. Virial coefficients are known also for the following hydrocarbons which fall into the class covered by this paper: propane, w-butane, propylene and tran-s-2-butene. These are treated together with a common value of R0. This is made plausible by the rough similarity of their structures, and is adequate to reproduce the observed second virial coefficient of these gases if e is given a suitable value for each substance. To get a satisfactory fit it is necessary to have R0 about 5-5 A, which is significantly greater than the values of R0 = 5 A for ethane and 4-6 A for ethylene. Taking the data for one molecule only, it would be possible to use other values of R0 without causing a discrepancy larger than might be attributed to experimental errors in the observed virial coefficients. Fitting simultaneously to all four sets of results enables one to divide the discre pancies into parts of form common to all sets (these deviations are presumably due to an inappropriate R0) and remainders showing a different trend from one example to another, caused by experimental errors. In this way it has been found th at the constants of table 10 reproduce the available data on these four gases, as shown in figure 3 . The agreement is satisfactory except for £raws-2-butene which also shows a value of JcTJe lower than for the other three molecules of this class. A larger value of R0 is indicated for this substance. The theoretical curves for n-butane and propane could be brought into better agreement with the second virial observations, but this would lead to increased deviations in the Joule-Thomson coefficients.
The values of e and R0 can be checked by examination of JcTJe and These are in reasonable agreement with the trends revealed in § 9.
To estimate the forces between other non-polar hydrocarbon molecules of not too complicated a form one proceeds by estimating l from the structure, and R0 from the molecules listed in table 10. From these l/R0 and otRl can be calculated, and it can be verified th a t VJlO^aRl is reasonable for this value One estimates kTc/e and thus e. The only experimental data necessary are critical temperature and density.
An attem pt has been made to use the fields summarized in table 10 to calculate interactions between pairs of methyl groups in different molecules, pairs of = C H 2 groups, and so on. These were represented as (12,6) functions of the distance between the carbon atoms. Such an assignation cannot be theoretically rigorous, as was pointed out by London (1942) , but it has a certain value in approximate calculations of the physical properties of the hydrocarbons. Both the interactions mentioned are found to have minima of order 70 ka t separations of about 5-0 a The depth of this minimum is considerably less than the 148& shown in table 10 for methane, and the separations a t the minimum are also larger than would be expected from the R0 of methane. In both respects some improvement would be obtained by a smaller R0 and a correspondingly larger e, but even a 10 % decrease of R0 for ethane only increases the depth of the methyl-methyl interaction to While a change from 148 to 80& in going from methane to methyl interactions appears at first sight to be rather large, it is consistent with the pair of assumptions: (i) the use of the Slater-Kirkwood formula, as modified by Hellmann (1935) , to obtain the attractive force; (ii) the assumption th at the repulsive forces are the same in both cases. The latter is made plausible by the way in which the repulsive forces are produced.
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